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SOME STABILITY THEOREMS
FOR FINITE DIFFERENCE COLLOCATION
METHODS ON NONUNIFORM MESHES

EUSEBIUS J. DOEDEL

Abstract.

A class of compact finite difference collocation methods is shown to be stable on general
nonuniform meshes without the assumption of 2 bounded mesh ratio. Some error estimates
are included.

1. Introduction.

We consider the convergence of certain discrete approximations to boundary
value problems in ordinary differential equations. The approximations treated
here have been studied previously in [2], [6] and [7] where, as in this paper, they
are viewed as collocation procedures. Equivalently [2] the methods can be
interpreted as finite difference approximations. This is the main approach in [1]
and [5]. Convergence proofs of the methods can be based on the general theories
of [4] and e.g. [3], [8], provided the mesh is uniform [1]. Stability {and hence
convergence) on nonuniform meshes is difficult if not impossible to establish mn
general, except if the approximations are as compact as possible in the sense of
[4]. Such stability results are contained in [5], subject to certain local and even
global mesh ratio restrictions. The main purpose of this work is to show that these
restrictions are not necessary. It is also shown that, under some added continuity
assumptions, even the local placement of the collocation points can be quite
arbitrary.

Collocation methods utilizing more conventional approximating spaces have
been extensively studied elsewhere, see e.g. [9], but the analytical techniques used
there do not immediately apply to the spaces in this work. This is due to the
multivalued nature of the approximants and the fact that matching conditions
take the place of more customary continuity requirements.

2. Stability results.
Consider the nth order equation

n—1

(2.1a) Ly = y"()+ ) alyP) = flx), 0sx=s1,

I=0
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subject to boundary conditions of the form

fn—1 A @ ur“!
1£ksEn.

‘n—1

@1b) By =T 50O+ T w00 = b

= /
L D

Reference will also be made to the corresponding homogeneous problem

(2.2a) ILy=0, 0sx£s51,
subject to
(2.2b)- By=0 l<kgn.

We approximate (2.1) by a class of generalized finite difference methods. These
methods can be interpreted as collocation methods in the following manner.
Introduce a mesh {0=xq<x;<...<x;=1}, with h;=x;~x;. ;. h=(hy, by, . . 1))
and k|=max;h; To each meshpoint x;, (0Sj<J—n), associate a polynomial
p; € Pyym—,. (More accurately: p, ;(x).) We think of the interval [x;, x;,,] as the
domain of p; Let p,= {pj}j;{;. Thus p,(x) is defined on [0, 1]. Note, however; that
p, is not single valued. The discrete- method now consists of finding p, satisfying
the collocation equations :

(2-3)l - Lpiz; ) =fz 1=2izm, 0=j= J._na

where for 'egch j the z; ; are distinct points in [x;,X;.,]. In addition p, is required
to satisfy the matching conditions

(2.4) pj(xj+i) = pj+1(xj+i): 1ignlzj= J—n-1,
as well as the boundary conditions o
(2.5) Br =P 1=2k=n.

For each fixed mesh let P»™ denote the space of all p, satisfying (2.4), and define

ip,J, = max max max |[p{’(x)].
: 01k OZjST—n [x) xj+a]

~ Also for p e C¥[0,1] and pn € Pp7 it will be convenient to use the notation

ipo—pl = max max max [p()—p(x) -
OISk 02T —n [x)xjunl |
Indeed, the above could serve as norm in an appropriate Banach space structure.
However, such a formal set-up is not strictly necessary in subsequent analysis.
First we need the following:

LemMA 2.1. Let {h*}%2, be a sequence of meshes with |h*] — 0 as v — oo. For
each v let p, € PR™, |pwl,=1. Then there is a subsequence {pwi. and a
function p € C*~* [0,1], such that |py—pl.-1 = 0 as k — oo.
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Remark. For notational simplicity we do not, distinguish between sequence and
subsequence.

Proor. By simply restricting the domains of each of the component
polynomials {p;}{=§7" of py to [x,x;,,], we can extract a single valued |
continuous function p,s from each p,. Also |p,l,=1 implies in particular that

max max [pi{x)| £ 1.
§ [ Xienl
Thus the sequence {p,}5% ; is equicontinuous and therefore has a subsequence P

— p € C[0,1]. In fact, using the boundedness of the p), it is easy to see that the
multivalued function p,  converges to p, ie.,

[ pw—plo — 0 as v— oo.

We want to show that p e C'[0, 1]. Define

gy = Pp = {P}};J':(')’-

From Rolle’s theorem and the matching conditions (2.4), it follows that every two
consecutive component polynomials p;,_; and p; of a given p,. satisfy pi-1(&)
=p;({;) for some ¢; € (xj, x;, ;). Therefore from each g,  we can extract a single-
- valued continuous function §,. The sequence {§,}%., is equicontinuous since
max; maxp, . 1iq;(x)}=1. Hence, (after relabelling everything) there is a
subsequence §,» — q € C[0,1]. Again convergence of the multivalued g, to g
follows from the boundedness of the q; Thus [lgp—qlo — 0 as v — co.

We contend that g=p’. Let x € [0,1]. Then

x I Jixl~1 fj-(-:. ~ X
j Q= dpt+ 3. j "»L':"‘i"Jv gy .
V] 0 =t {:j 'f_f‘{xl

(Here j[x] is the largest j for which &;,,<x). By definition of §, this implies

x ‘ & JAx=1 (E, x
s J- pot ), f PH‘J Pl
e Y i=1 5_} 4

At
Jix]

= Pj{x](x)‘“ _;1 [pj(gj)—pj—l(éj)]_po(o)

Jlx]
= Pp(x)— Z (éjmxj){Qj(nj,1)_”Qj—1(nj,2)]'—§h“(0) ,
. =
where Hj,1o Nj,2 € (xj,fj)»
It foinws that

Jo G — [Py ()~ ppr(0)]] = m?ﬂ‘!j(ﬂj, 1)“‘611—1(’?j,2)§

= max |(1;,, — E)aj(0;, ) — ;.2 ~E)a -1 (0, ) < 2,
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with o;; € (1;,, &5 i=1,2. Letting v — 00 and differentiating gives p'{x)=q(x).
It also follows that ||p—pll, — 0 as v — o0.

Using Rolle’s theorem and the matching conditions (2.4) we can repeat the
argument above another n—2 times, which finally yields the conclusion of the
lemma.

We can now prove:

THEOREM 2.2. Let the homogeneous problem (2.2a,b) only admit the zero solution.
Let a, € C[0,11,1=0,1,...,n—1, and assume that min; 4;,|z;; —2;, Bl Z X, — X))
for some constant ¢ that is independent of j and h. Then there exist positive constants
K and 8, such that the equations (2.3) and (2.5) admit a unique solution p, € Py™
and such that J '

26 - palle = K{ma_xlf(zj,f)Hm?Xlﬁzi},

whenever |h| € (0, 4]

Proor. (i) If (2.3), (2.5) do not have a unique solution p, € Piy™ for all small |Al,
then, since dim Py™=m(J—n+1)+n equals the number of equations in (2.3),
(2.5), we can find a sequence of meshes {h'}%,, with [h*] — 0 as v — oo, and
corresponding py € Pp™, with | pyll,=1, such that p, satisfies the homogeneous
equations corresponding to (2.3) and (2.5). By Lemma 2.1 there is a subsequence
{p}, and a function p € C*7'[0, 1], such that ||pp—pli,-, — 0 as v 00,
Using the collocation equation we will show in part (ii1) that in fact p € C"0,1],
and that p is a nontrivial solution of the homogeneous problem (2.2a, b). This will
contradict the first assumption of the theorem.

(i) Assuming for the moment the existence of a unique p, for all sufficiently
small |k, it remains to be shown that the bound (2.6} holds. If this is not the case,
then again we can find a sequence of meshes {h"}5%. , with |0’| — Oasv — o0, and
for each mesh quantities {f*(z; )}~ and {$}} with max|f"(z; )l — 0 and max, i
> 0 as v — 00, such that the corresponding unique solution p;- € Pp™ of (2.3),
(2.5) has {|p,ll,=1. Thus, as in part (i), there is a subsequence and a nontrivial
p e C"1[0,1] such that ||py—pll.- — O as v — oco. Again we claim that p
satisfies the homogeneous equations (2.2a,b).

(iti) Since the completion of the proof of (i) is very similar to the completion of
the proof of part (ii), we only give the details of the latter.

Let s e [0,1], and consider the subsequence {p,}. For each v let j, be such that
s € [X;,%j,+nl Since p? € P,_; we can write

Pffr:)(x) = Z '!/_jv,i(x)l’fi?)(zjv,i) ;
i=1
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where for each j, the functions {gI/J ;(x)}iL, denote the Lagrange interpolating
coefficients for the points {z; ;}{~,. Write y;=v; ; and z}=z, . Then

@1 |poe+ z a9

li ,
(s E:

(P (2 )+z a (9P (s)

TI-
s

n—1

n—1
l‘b (S){f RED) a:(ZF)P(-?(Z?)} + Zﬂ a,(s)p® (s)

=0

I
”Ma

]

HA
W [\/] 3

!0 ()72 + Z a($)p?(s)— 3 Yilsa(z )p“’(Z?)

n—1

+ 2

W ()" (z3)

I -
IIMg

_i () a(s)p? (S) —a,(z})p};

n—1

= mK; maXIf (z;, )+ K, ZO 21 {lay(s)p" ()= ay(zDp (220}
[} i
where K; =max; jmaxy .l (x) can be chosen independent of the mesh, in
view of the restriction on the location of the collocation points. This final
expression becomes arbitrarily small as v — co. It follows that p{? converges
to [—>a(s)p®(s)] € C[0,1]. In fact with the aid of Lemma 2.1 this con-
vergence is seen to be uniform in s. Similar to the procedure in the proof of the
lemma, we can extract a singlevalued continuous function pt~ from each p{i~
and we have :

x x. n—1
Jp;,v—i—J. > ap®— 0 asv— 0.
OI )

(Note however that P need not be continuous). Upon mtegranon usmg the
continuity of pi#~", it follows that

x n=1

P V(%) — P {0) + Y apP—0as v 0.
0 1=0
Taking the limit we obtain |
x n—1
PP O+ T ap® = 0.
0 1=0

This implies in particufar that p € C"[0,1]. Differentiation gives

n-1 :
(2.8) P (x)+ IZO a(x)p'(x) =

Le. Lp(x)=0. It is clear that p also satisfies the homogeneous boundary conditions
(2.2b). Further with the aid of (2.7) and (2.8) we have
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lpe—pl,— 0 as v— oo,

Since || pell,=1 this implies that p<0. Hence a contradiction has been arrived
at. N

REMARK. For any reasonable approximation space Py ™, (i.e. a space whose
elements satisfy appropriate matching or continuity conditions), it 1s easy to
construct a sequence p, — p € C"71{0,1], as in Lemma 2.1. The difficulty lies in
showing that p € C"[0, 1]. In Theorem 2.2 this was accomplished quite easily, due
to the fact that the nth derivative of any given polynomial component p; is
completely determined by the values of the nth derivative at the collocation points

. z;. This local dependence is what characterizes “compact” difference

approximations. (These can also be defined as difference methods that involve the
unknown u; at exactly n+1 consecutive mesh points.) It is also characteristic of
collocation procedures with. C*~' piecewise polynomials for solving nth order
differential equations. It is precisely for this type of approximation that a complete
stability analysis on nonuniform meshes is relatively simple.

The theorem above does not impose any restrictions on the mesh. There is a
condition that involves the location of the collocation points z;, ;. These points are
assumed to be locally semi-uniform. Even this restriction can be removed by
requiring some additional continuity. More continuity also allows bounding
derivatives of order greater than » in the approximate solution. For proving these
statements we need the following elementary fact concerning . .polynomial
interpolation. '

Lemma 2.3. Let s € [0, 17 and let {[a,,b,]}5L, be a sequence of intervals in [0, 1]
with s € [a,,b,] and lim,_ ., (b,—a,})=0. For each v let {z}}¢_, be distinct points in
[a,,b.]. Suppose g € [0,1] and g, e C*71[0,1] with max, ,;lg(x)—g,(x)] — 0 as
v -+ 00. Also assume that maxy, ;g <c, 0SISu—1. Let g, € P,_; be the
Lagrange interpolating polynomial of each g, on the points {zle L.

Then maxy, »ilq,(x)—g(x)] = 0 as v - oc.

Proor. For each v there is a point 7, € [a,.b,] such that g~ (x)=g*"9(n,)
=g
=gy ().

Thus max |g¥ " P (x) — g~ D (x)]
[ay, by]

= max|g¥ P (x)—g¥ V() + 8¢ D) g4 V()

= max lg% V) —g¥ V(x) £ 2.

It follows that maxig,(x)—g,{(x)|<2c(b,—a,)* ! and that
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max|g,(x)—g{(x) = max|g,(x)-g,(x)| +max|g,(x)—g(x)|

< 2c(b,—a,)'" " +maxlg,(x)—g(x) . ®

THeEOREM 2.4. Let (2.2a,b) have the zero solution only. For each j let the
collocation points {z; ,}7-, be distinct and contained in [xjXj10l. Assume that f,

a; € C"7[0,1]. Then there exist positive constants K and 8, such that (2.3), (2.5)
admit a unique solution p, € Py™ and such that

ilph;tn-i-m—l = K{ max ”f(k}“co_i_ max |ﬁ1¥}

0fkEm—1 zlEn

whenever |h| € (0, 8]

PROOF Agam the ex1stence should be estabhshed first. As i in Theorem 2.2 the
proof of the ex;stence part‘closely follows the proof of the second conciusmn of the
er is glven below e , '

If the bound does not hoId then oné can find’ sequences f -Youln 1ro, 17, [31,
with ||f"“)[ — 0, 0sism—1, and |}~ 0, 1=lsn, as v— co; and
correspondlng soluﬁons Py € Pi™ with || p,» |1n+m =1 By Lemma 2. 1 there is a
k ce {ppl, and a function p e C* 1[0, 1] such that | pp—pll,_; — 0as
v - oo .;-—__
Now reconsider the estimate (2.7):

p;,"s)+ Z a,(9p () =

S o+

a—1
+ Y |asph(s) - Z Vi (S)a(z)pf) (27) -
=0

Note that Lemma 2.3, (with p=m), applies to each of the n+1 expressions that
appear inside absolute value signs above. Therefore the righthand side of the
inequality can be made arbitrarily small by choosing v sufficiently large. Again
this convergence can be shown to be uniform in s. (The details require use of the
final inequality in the proof of Lemma 2.3). By the same argument given in the
proof of Theorem 2.2 it now follows that p e C*[0,1] and that Lp=0. Also p
satisfies the homogeneous boundary conditions (2.2b). However we cannot
conclude at this point that p30, unless m =1, since for this we must show first that

1Pw—Pla+m-1 — Oasv -» co. Assume therefore that m> 1. Rewrite the equation
Lp=0 as

n—1
p(x) = — ZO a,(x)p" (x)

Thus p € C'[0,1], ie. pe C**'[0,1], and
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n
LWp = (Lp) = p"* V() + Y allx)p®(x) = 0
=0

In view of the continuity assumptions on the coefficient functions a,(x) we can
repeat this argument another m-~2 times and finally conclude that
peCtmTi0,1].

By Rolle’s theorem there are points ¢;=¢01in (x;, x; 4,) such that LUp; (&)

=" (&), 1£ism—1. Let ¢, =y, be the Lagrange interpolating coefficients for
the points &, Then

"

PJ‘,-H}(S Z [1} (”(S)

=0

m—1

Z l[’i(s)fv' (fz)l +

i=31

<

+ 2
1=0

With the aid of Lemma 2.3 it follows that the right hand side of the inequality
above goes to zero uniformly in s as v — oo. Thus p"*% — p*1 The above can
be repeated another m—2 times to finally yield

al (s)p (s) — Z W (s)attl (& IPP(ED|

i=1

”Ph‘—p“n+mw1 —0as v— oc.

Since || pilly+m—y =1 we can now conclude that pa=0, which is a contradiction. =

To derive some error estimates the well-known concept of truncation error is
required. Let g,={¢,}25, where g,eP,,,_, interpolates y(x) at
{xj+ti=0 U{t; ;}7). Here we have introduced points t; ; € [x;, X;+nl- (Coinciding
interpolation points denote Hermite interpolation.) Thus

y(x)—g;(x) = r;(x)d(x), where r(x) = f[ (x—X;45) mljl x—1; )

and where d;(x) denotes the appropriate divided difference. Define 7,={r,}4-8,
with 1;(x)= Lp ()~ Lg (x). The local truncation errors can now be defined as the
values of 7,(x) at x=2z; . We have

(25, = f(zj,i)—LQj(zj,f L{y— QJ)(ZJ )= L( j)(zj, i)

If y(x) is sufficiently differentiable, then t,(z; )= O(h|™) regardless of the choice of
collocation points z; ;. For certain special choices of the z; ; this estimate can be
improved. Certain of these special points can be found by evaluating L(rd)(z; ;)
and equating the leading terms to zero. Examples of this procedure are given in

[1].

THEOREM 2.5. Let the homogeneous problem (2.2a,b) only admit the zero solution.
- Let a;€ C[0,1], y € C"*"[0,1] and assume that z;; € [xj,x;1,], with min; «;
1zj0,— 2, 2 eilXj4n—x;. Also assume that maxi,jl’cj(z NS el 7 for some
nonnegative integer ¢, and in addition {Byg, — B Scilh|" " *, 1 <k<n, u=o. Here ¢y,

BIT 20— 5
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¢, and ¢4 are constants that do not depend on j and h, when |h is small enough. Then
there exist positive constants C and & such that

max max [pP(x)—yO() < Cminranen-l (<

; j
b EXpXgtal

whenever |h| € (0,6].

1A

n,

PrROOF.

) —pP e £ Y700 — e )+ 1pP () — e ()l -

The first term on the right hand side of this ine(juaiiiy is a-local interpolation
error. The second term can be estimated with Theorem 2.2. We have

max max |y®(x)—p{(x)

i {xj:xj+n]
< et —!—K{max 7;,:(z;, )| + max |Bg,— 515}
iJ P

= C4|h|"+m“~t+K(Cz+Cs)‘hlm+a n
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