NUMERICAL METHODS FOR BOUNDARY VALUE PROBLEMS WITH APPLICATION TO BIFURCATION PROBLEMS

Eusebius Doedel Department of Computer Science, Concordia University, Montreal, Canada

Abstract The method of orthogonal collocation for solving boundary value problems in ordinary differential equation is described, and its relationship to classical finite difference methods is illustrated. Numerical examples demonstrate the capabilities of software based on orthogonal collocation for analyzing nonlinear differential equations. A new discretization method for the solution of elliptic partial differential equations is described. It is indicated how this method can also be viewed as a collocation method. Numerical results illustrate its accuracy.

Collocation and Finite Differences. Consider the following boundary value problem (BVP) for the ordinary differential equation (ODE) u^{′′}(t) + a(t) u^′(t) + b(t) u(t) = f(t), t ∈ [0, 1], u(0) = u(1) = 0.

Assume that the coefficient functions and the inhomogeneous term are sufficiently smooth and that the corresponding homogeneous problem only admits the zero solution. Our main interest is nonlinear ODE BVPs, but to keep the presentation simple, we describe numerical methods only for linear equations.

Introduce a mesh 0 = t_0 < t_1 < t_2 < · · · < t_N = 1, with h_j ≡ t_j − t_{j−1} and h ≡ max_j t_j. The method of orthogonal collocation with piecewise polynomials consists of finding p ∈ C^1[0, 1] such that p is a polynomial of degree ≤ m + 1 in each mesh interval [t_{j−1}, t_j], (j = 1, 2, · · · , N), and such that p satisfies the collocation equations p^{′′}(z_{ji}) + a(z_{ji}) p^′(z_{ji}) + b(z_{ji}) p(z_{ji}) = f(z_{ji}), i = 1, · · · , m, j = 1, 2, · · · , N, and the boundary conditions p(0) = p(1) = 0 .

Here the m collocation points z_{ji} i = 1, · · · , m lie in the jth mesh interval [t_{j−1}, t_j] and are distinct, but otherwise arbitrary. It is easily checked that the number of equations is formally enough to determine p. A rigorous existence and convergence proof shows that the global accuracy of the approximate solution is given by max_{[0,1]} | p(t) − u(t) |= O(h^{m+1}). However, if in each subinterval [t_{j−1}, t_j] the m collocation points are chosen as the (scaled and translated) roots of the mth degree Legendre orthogonal polynomial, then we have superconvergence [1] at the main meshpoints t_j : max_j | p(t_j) − u(t_j) |= O(h^{2m}).

In practice, the choice m = 4 is often used. In particular, this is the choice in the numerical examples presented below. Note that this gives 8th order accuracy at the mesh points. This means that, in an asymptotic sense, the error at the mesh points is reduced by a factor 2^8 by doubling the number of mesh intervals, i.e., for just twice the computational work. If the boundary value problem includes scalar unknowns, for example the period of a limit cycle in a dynamical system (see below), then these also have superconvergent accuracy.

In addition to simplicity and accuracy, the orthogonal collocation method also has the advantage of having a known optimal algorithm for placing the mesh points t_j (See [2,3]). These advantages make the method very suitable for solving difficult linear and nonlinear problems, as illustrated below.

Finite Difference methods are the earliest methods used to numerically solve ODE BVPs. The simplest finite difference method for solving our linear BVP consists of finding u_j, (j = 0, · · · , N), such that

u_{j+1} − 2u_j + u_{j−1}

h^2

+ a(t_j) u_{j+1} − u_{j−1} 2 h + b(t_j) u_j = f(t_j), j = 1, 2, · · · , N − 1. with u_0 = u_N = 0.

Actually, this finite difference method is equivalent to the collocation method illustrated in Figure 1. Each of the local polynomials p_j matches pointwise to its neighbors, as indicated. Furthermore, for each j, p_j is required to satisfy the differential equation at the mesh point t_j. In addition, the outermost polynomials must satisfy the boundary conditions.

This collocation interpretation of finite differences immediately suggests a generalization to non-uniform meshes. The most obvious generalization, with collocation at the mesh points t_j, is only first-order accurate. However, it is easily shown [4] that a second order method is obtained if, for each j, the collocation point is given by (t_{j−1} +t_j +t_{j+1})/3.

Figure 1: Equivalent collocation method (p_j ∈ P_2).

Figure 2: BVP solutions for various γ; with ϵ = 10^{−5}.

Note that, for the orthogonal collocation method, we required the piecewise polynomials to be globally once continuously differentiable. Similarly, the collocation interpretation of finite differences uses multivalued piecewise polynomial spaces in which, by Rolle’s Theorem, neigboring polynomial have matching derivatives at some point. Thus, in some sense, these multi-valued approximate solutions are also globally once continuously differentiable. Similarly, for kth order differential equations, the degree of continuity should, in some sense, be equal to k − 1. For such a discretization convergence is guaranteed, even on nonuniform meshes, as the mesh size tends to zero [5,6].

Applications

Consider the singularly perturbed ODE BVP ϵu^{′′} − u u^′ (u^2 − 1) − u = 0,

with boundary conditions u(0) = 3 2 , u(1) = γ. This equation was studied in [7]. Varying γ gives rise to several qualitatively distinct solutions, as illustrated in Figure 2.

In calculations with the software AUTO [8], a continuation (or homotopy) method is used to sweep out the entire range of γ-values. This ensures that all solution types are located. The number of continuation steps is moderate when γ is not too small, for example, γ = 10^{−3}. However, for γ = 10^{−5}, as in Figure 2, the number of required continuations steps is very large, so that the calculation requires a lot of computer time. If γ is even smaller, say, γ = 10^{−8}, then the CPU time becomes prohibitive. Indeed, in such extreme cases, one may have to turn to classical perturbation techniques, or to corresponding specialized numerical techniques.

Figure 3: A bursting solution (after period-doubling).

As a second computational example consider periodic solutions to dynamical systems. In many applications it is important to determine periodic solutions. When these are asymptotically stable they can, in principle, be computed by time integration with suitable initial conditions. However, this may require a long integration time, especially near critical points, such as Hopf, period-doubling, and torus bifurcations. Asymptotically unstable periodic orbits can, in general. not be computed at all by numerical time integration. Such orbits are often essential in the understanding of the global dynamics of a system, or they may be stabilized and hence made physically important. For these reasons, we use a boundary value approach to compute period orbits. More precisely, a solution (u(·), T ) of the boundary value problem u^′(t) = T f(u(t), λ), u(0) = u(1),

corresponds to a solution of period T of the dynamical system u^′(t) = f(u(t), λ). For uniqueness, a phase condition must to be added to the above BVP. See [8] for details.

As an application consider Plant’s model of bursting nerve cells [9]. It has the form

V̇ = [g_Is^3_I (V )y_I + g_T x_T ][V_I − V ] + [g_Kx^4_K + g_P c(K_p + c)^{−1}][V_K − V ] + g_L[V_L − V ],

ẋ_T = [s_T (V ) − x_T ]/(ζτ_{xT} ),

ẋ_K = [s_K(V ) − x_K]/(ζτ_{xK}),

ẏ_I = [z_I (V ) − y_I]/(ζτ_{yI} ), ċ = ρ[K_cx_T (V_{Ca} − V ) − c], for certain coefficient functions s_I (V ), s_T (V ), etc. A periodic solution computed by the BVP approach is shown in Figure 3. Actually, this solution results from a period-doubling bifurcation encountered in the continuation process. Numerical methods for dealing with such phenomena have been incorporated into software such as AUTO. Another application of numerical BVP methods concerns connecting orbits in dynamical systems. These are important in the study of traveling wave fronts and pulses. Their numerical computation can be posed as BVP of the form u^′(t) = T f(u(t), λ), u(·), f(·, ·) ∈ R^n, λ ∈ R^{n˘} , with boundary conditions

B_0 ( u(0) − w_0 ) = 0, B_1 ( u(1) − w_1 ) = 0.

Here T is “large” and, typically, fixed. The above equations are to be solved for u(t) and λ. B_0 and B_1 represent boundary conditions that require the solution u(t) to approximately start and end in the unstable/stable manifold of rest points w_0, w_1, respectively. Other constraints, such as a phase condition, may also be imposed. For details see [10,11,12,13].

As a specific example consider a model of two coupled Josephson junctions [14,15] :

βϕ^{′′}_j + ϕ^′_j + sin ϕ_j − 3 2(3 + β) 2∑ k=1 (ϕ^′_k + sin ϕ_k) = β 3 + β I, (j = 1, 2). where ϕ_j is the phase difference across the gap in the j-th junction, β is the intrinsic capacitance of the individual junctions, and I is a bias current. These equation can be rewritten as a dynamical system in R^4. The projection of a numerically computed connecting orbit onto the (ϕ_1, ϕ_2)-plane is shown in Figure 4. This orbit has a large, but finite, period, and approximates a connecting orbit, whose period is infinite. Actually, a multitude of qualitatively distinct connecting orbits were found for this model. The numerical analysis shows that many of these arise from a specific “organizing center” in parameter space (β, I). These findings motivated the mathematical study in [16].

Figure 4: A projected connecting orbit. The phases, ϕ_1 and ϕ_2, are scaled by 2π. Three rest points are indicated, including the one on the connecting orbit.

New Collocation Methods for PDEs

Our main interest is the numerical analysis of bifurcation problems in nonlinear systems of elliptic partial differential equations (PDEs). However, to keep the presentation as simple as possible, we here consider the Laplace equation on a square :

Δu = f(x), x ∈ Ω ⊂ R^2, u(x) = g(x), x ∈ ∂Ω. The square, Ω, has been recursively subdivided, as in Figure 5. The smallest elements of the subdivision are called “finite elements”. Figure 6 shows a finite element, with n points x_i on its boundary and m points z_i in its interior.

Figure 5: The domain Ω and its recursive subdivision.

The finite difference approach uses a formula of the form

v_i = n∑ j=1 α_{ij} u_j + m∑ j=1 β_{ij} f(z_j), corresponding to each point x_i on the element boundary, for each element. Here u_j and v_j represent the as yet unknown approximate solution and its derivative normal to the boundary, respectively. The above relation represent a discrete version of the following consequence of ellipticity: If an element is sufficiently small, and if the solution is given on the element boundary then the derivative of the solution normal to the boundary is uniquely determined at each boundary point. (Some smoothness is assumed here.)

For each i, the coefficients α_{ij} and β_{ij} can be determined by requiring that

∇ϕ(x_i)^∗η_i = n∑ j=1 α_{ij} ϕ(x_j) + m∑ j=1 β_{ij} Δϕ(z_j), for all polynomials ϕ ∈ P_{n+m}. Here P_{n+m} denotes an appropriate function space (typically polynomials) of dimension n + m. Above, η_i is the normal to the element boundary at x_i, and^∗ denotes transpose.

Figure 6: A finite element of Ω.

If we define u = (u_1, · · · , u_n)^∗, v = (v_1, · · · , v_n)^∗, f = (f(z_1), · · · , f(z_m))^∗, and A = α_{11} · · · α_{1n} : : α_{n1} · · · α_{nn} , B = β_{11} · · · β_{1m} : : β_{n1} · · · β_{nm} , then the discrete equations can be written as v = A u + B f. Also define Φ = ϕ_1(x_1) · · · ϕ_1(x_n) : : ϕ_{n+m}(x_1) · · · ϕ_{n+m}(x_n)

, Δ_Φ =

Δϕ_1(z_1) · · · Δϕ_1(z_m) : : Δϕ_{n+m}(z_1) · · · Δϕ_{n+m}(z_m) ,

R_Φ =

∇ϕ_1(x_1)^∗η_1 · · · ∇ϕ_1(x_n)^∗η_n : : ∇ϕ_{n+m}(x_1)^∗η_1 · · · ∇ϕ_{n+m}(x_n)^∗η_n , where Span{ϕ_1, · · · , ϕ_{n+m}} = P_{n+m}. Then the coefficients can be computed by solving

( Φ Δ_Φ ) ( A^∗ B^∗ ) = R_Φ.

For appropriate choice of the points x_i and z_i, the matrix ( Φ Δ_Φ ) is indeed nonsingular. In such case the finite difference construction is well-defined.

The above finite difference method can be shown to be equivalent to the following collocation method: Associate a polynomial p(x) ∈ P_{n+m} to each finite element. (Here and below we suppress indices denoting the element.) Require that at the points x_i on any common boundary the values of neigboring polynomials, as well as their normal derivatives, match. Further, require each polynomial to satisfy the collocation equations Δp(z_k) = f(z_k) k = 1, · · · , m.

Figure 7: Template for an element with m = 1, n = 4.

As a simple example consider the case of one matching point per element boundary, and one collocation point per element, as in Figure 7. In this case the finite difference formulation has the form

v_i = 4∑ j=1 α_{ij}u_j + β_if(z). As a basis of P_{n+m} = P_5 choose {1, x, y, x^2, y^2}. Then, for each finite element, the finite difference equations are found to be

v_1 = (2u_1 − u_2 − u_4)/2h + hf(z)/2, v_2 = (2u_2 − u_1 − u_3)/2h + hf(z)/2, v_3 = (2u_3 − u_2 − u_4)/2h + hf(z)/2, v_4 = (2u_4 − u_1 − u_3)/2h + hf(z)/2.

This method is second order accurate. Other choices of the matching and collocation points can give higher order accuracy, as illustrated in Table 1.

Nested dissection The finite difference formulation lends itself very naturally to solution by nested dissection: Consider two adjacent finite elements Ω_1 and Ω_2, as in Figure 8. Using the combined finite difference equations for each of the two elements, one can eliminate the unknown u’s and v’s corresponding to common boundary ∂Ω_{12}. This procedure can be repeated recursively, to finally lead to a similar set of equations for the boundary of the full square Ω. Using the boundary conditions, one can then compute the v’s on the boundary of Ω. Finally, a backsubstitution yields the u’s and v’s in the interior of Ω.

The advantage of the nested dissection algorithm is its reduced computational complexity. For an M by M mesh, a dense matrix solver would take O(M^6) operations. Of course, this is extremely inefficient. However, the more efficient “band-solver” still takes O(M^4), while the nested dissection takes only O(M^3).

To summarize, the PDE collocation method offers several advantages. High order accuracy is possible, as illustrated in Table 1. Furthermore, the nested dissection solution algorithm is relatively easy to implement, and can reduce computational cost. Nested dissection also offers certain advantages for bifurcation problems. Finally, it is conjectured that a subclass of the collocation methods has very good numerical stability properties, even on nonuniform meshes.

Figure 8: Two adjacent elements (or regions).

The above PDE collocation methods are described in more detail in [17]. For somewhat related work, see [18]. For “conventional” PDE collocation methods see, for example, [19,20].

h κ = 1 κ = 2 κ = 3 κ = 4

1 2 5.44^{−4} (0.05) 6.87^{−6} (0.10) 5.90^{−7} (0.10) 6.47^{−9} (0.20)

1 4 1.50^{−4} (0.08) 3.26^{−7} (0.14) 2.40^{−8} (0.23) 1.45^{−10} (0.34)

1 8 3.78^{−5} (0.20) 1.48^{−8} (0.40) 8.61^{−10} (0.82) 2.76^{−12} (1.4)

1 16 9.51^{−6} (0.79) 7.67^{−10} (1.8) 2.88^{−11} (4.2) 4.65^{−14} (7.5)

Table 1: Maximum error at the matching points, and CPU time per Newton iteration, for a model problem on the unit square, for various mesh sizes h and various choices of κ. Each element has κ^2 collocation points and κ matching points per element boundary.

REFERENCES

1 C. de Boor, B. Swartz, Collocation at Gaussian points, SIAM J. Numer. Anal. 10, 1973, 582-606.

2 R. D. Russell, J. Christiansen, Adaptive mesh selection strategies for solving boundary value problems, SIAM J. Numer. Anal. 15, 1978, 59-80.

3 U. M. Ascher, R. M. M. Mattheij, R. D. Russell, Numerical solution of boundary value problems for ordinary differential equations, Prentice-Hall 1988.

4 E. J. Doedel, The construction of finite difference approximations to ordinary differential equations, SIAM J. Numer. Anal. 15, No, 3, 1978, 450-465.

5 E. J. Doedel, Some stability theorems for finite difference collocation methods on nonuniform meshes, BIT 20, 1980, 58-66.

6 W.-J. Beyn, E. J. Doedel, Stability and multiplicity of solutions to discretizations of nonlinear ordinary differential equations, SIAM J. Sci. Stat. Comput. 2, No. 1, 1981, 107-120.

7 J. Lorenz, Nonlinear boundary value problems with turning points and properties of difference schemes, in: Lecture Notes in Mathematics 942, Springer Verlag 1982.

8 E. J. Doedel, H. B. Keller, J. P. Kernévez, Numerical Analysis and Control Of Bifurcation Problems, Part I: Int. J. Bifurcation and Chaos, Vol. 1, No. 3. 1991; Part II: Int. J. Bifurcation and Chaos, Vol. 1, No. 4. 1991;

9 R. E. Plant, Bifurcation and resonance in a model for bursting nerve cells, J. Math.

Biology 11, 1981, 15-32.

10 M. Lentini, H. B. Keller, Boundary value problems over semi-infinite intervals and their numerical solution, SIAM J. Numer. Anal. 17, 1980, 557-604.

11 W.-J. Beyn, The numerical computation of connecting orbits in dynamical systems, IMA J. Numer. Anal. 9, 1990, 379-405.

12 M. J. Friedman, E. J. Doedel, Numerical computation and continuation of invariant manifolds connecting fixed points, SIAM J. Numer. Anal., Vol. 28, No. 3, 1991, 789-808.

13 A. R. Champneys, Yu. A. Kuznetsov, B. Sandstede, A numerical toolbox for homoclinic bifurcation analysis, Int. J. Bifurcation and Chaos 6, No. 5, 1996, 867-887.

14 P. Hadley, M. R. Beasley, K. Wiesenfeld, Phase locking of Josephson-junction series arrays, Phys. Rev. B 38, 1988, 8712-19.

15 D. G. Aronson, M. Golubitsky, M. Krupa, Coupled arrays of Josephson junctions and bifurcations of maps with S_N symmetry, Nonlinearity 4, 1991, 861-902.

16 D. G. Aronson, E. J. Doedel, D. H. Terman, A Codimension-two point associated with coupled Josephson junctions, Nonlinearity 10, 1997, 1231-1255.

17 E. J. Doedel, On the construction of discretizations of elliptic partial differential equations, J. Difference Equations and Applications, Vol. 3, 1997, 389-416.

18 M. F. Wheeler, An elliptic collocation-finite element method with interior penalties, SIAM J. Numer. Anal. 15, No. 1, 1978, 152-161.

19 P. M. Prenter, R. D. Russell, Orthogonal collocation for elliptic partial differential equations, SIAM J. Numer. Anal. 13, 1976, 923-939.

20 B. Bialecki, Convergence analysis of orthogonal spline collocation for elliptic boundary value problems, To appear in SIAM J. Numer. Anal.